With an appendix by I. Dolgachev Ž . We classify minimal pairs X, G for smooth rational projective surface X and finite group G of automorphisms on X. We also determine the fixed locus X G and the quotient surface Y s XrG as well as the fundamental group of the smooth part of Y. The realization of each pair is included. Mori's extremal ray theory and recent results of Alexeev and also Ambro on the existence of good anti-canonical divisors are used. ᮊ
INTRODUCTION
More than one hundred years ago, Kantor wrote a book on finite birational automorphism groups of rational surfaces. From the sixties to eighties, Manin, Iskovskih, Gizatullin also thoroughly studied G-rational surfaces defined over non-closed fields. One aim of theirs was to reduce to w x G-minimal surfaces. In Giz , G-pseudoprojective rational surfaces, which are not G-projective surfaces, are shown to be relative minimal elliptic surfaces; the same paper also shows that not every G-rational surface is w x G-pseudo-projective. Segre Seg did, among many other things, the classi-Ž w x. fication of Aut X for cubic surfaces X see also Ho2 . Recently, Aut X has also been classified again for the quartic del Pezzo w x w x surface in Ho1 . In Koit , automorphism groups of rational surfaces obtained by blowing up very general points in P 2 are completely classified. It is very desirable to test the modern machineries on the old subject and obtain a simpler proof at the same time.
In this note, we work over the complex numbers field C and consider Ž . pairs of X, G of an arbitrary smooth rational projective surface X with a fixed group G acting on it. To simplify the arguments, we assume also that G is cyclic of prime order. We believe that the general case could be handled similarly. Indeed, our last theorem deals with arbitrary G, where Ž we reduce to either G-stable conic fibration or the del Pezzo case see . Remark 5 .
Actually, this note is inspired by Bayle and Beauville's recent simple new w x classification of birational involutions of rational surfaces BB . Following w x it, we also adopt the latest Mori theory Mor . Though the theory has been developed along the course of classification of higher dimensional varieties Ž . dimension at least 3 , we will see how useful it is even for surfaces. First, it will help us to reduce to a G-minimal surface very quickly, which has Ž . either a G-stable conic-fibration Mori fibration , or a Picard number one quotient surface. The first case is easy to treat.
For the second case, we have two approaches. The top down approach is Ž . based on known information on Weyl groups W E of lattice E where n n w x w x we apply Manin's results in Man2 ; see also Re1 . For the bottom up Ž . approach more geometric , we will study the quotient surfaces; this approach is normally more difficult. To do so, we apply results of Alexeev and Ambro about the existence of a good member in the anti-canonical w x system Alex, Am ; implicitly we are also using Fujita's theory of polarized w x varieties, ⌬ genus zero case Fuj . This way, we avoid referring to the classification list of automorphism groups of del Pezzo surfaces X; such a list is available if K 2 is bigger.
. It turns out that all pairs X, G with G cyclic of prime order p, except Ž . Ž . the last 3 rows in Table I p s 5 , have minimal models X , G , via a min Ž G-equivariant birational morphism only smooth blow-downs of G-stable . divisors but no blow-ups , such that at least one of X and Y s XrG is a Ž 2 . minimal rational surface i.e., P or Hirzebruch surfaces F , e / 1 or the e Ž . projective cone F p s 3 . 3 To be precise, denote by the multiplicative group of prime order p. p Ž . By writing X, , we mean that X is a smooth projective rational surface p with a faithful -action. It is natural to assume that X is minimal in Ž . 4 The difference of our approach from others lies in two aspects: Ž . p i we determine also the fixed locus X and the quotient surface Xr p Ž . Ž . and ii we include both the geometric approach bottom up , and the algebraic approach as an Appendix, though the uniqueness and realizability of pairs are only treated in the geometric approach.
PRELIMINARY RESULTS

Ž
. 1.1. Let X, G be a pair of smooth rational projective surface and a non-trivial finite group G acting faithfully on X. Denote by Y s XrG the quotient surface and : X ª Y the quotient map. Let f : Z ª Y be the minimal resolution. Note that Y is a rational surface by Luroth's theorem and Y has at worst quotient singularities and hence is simply connected w
x Ko, Theorem 7.8 . We assert that X G is non-empty. Indeed, if X G is empty then the
The following is well known Bri, Satz 2.11 ; for the smoothness of X we diagonalize the action locally and see that the fixed part is defined p Ž . by a local coordinate the eigenvector w.r.t. to the eigenvalue / 1 . . w x ported on f Sing Y and with the integral part ⌬ s 0, such that
Ž .
The existence of such is equivalent to that of a G-stable divisor on X which can be smoothly blown down. If the G-invariant sublattice 1 Ž . G Ž . Pic X m Q has rank 1, then there is no such and X, is minimal in
Ž . rational number and P a Cartier ample divisor. Let r Y be the largest Ž . hence P is the ''smallest'' among such expression, noting that Pic Y is a Ž . torsion free Z-module of finite rank Y is simply connected . By the same reasoning, the divisor class of P is uniquely determined by yK or X. . Remark 1.5. If X is a smooth Fano n-fold i.e., yK is ample then X Ž .
Ž . Ž Ž .
. r X F n q 1, and r X s n resp. r X s n q 1 if and only if X is a nq 1 Ž n . w x smooth quadric hypersurface in P resp. X s P KO . Ž . Ž . Let F e G 2 be the projective cone, with vertex q , over a smooth 3 3 4 4 where runs o¨er the set of primiti¨e pth root of 1, where a s 1r4, 3 a s 1r2, when p s 5.
4
Proof. Applying the topological fixed-point formula, we obtain
Ž . The Picard number X is 10 y K and also equals c q t p y 1 . So 1 X Ž . and 2 are proved. w x By the holomorphic Lefschetz fixed point formula ASIII, p. 567 , one has 
Ž These can be checked by using p s 1 y x x q 2 x q иии q p y .
. 2 x q p y 1 with x s to get rid of the denominators. The equalities p above were originally calculated by Cay Horstman and were kindly brought to our attention by Jonghae Keum.
In Lemmas 1.7᎐1.10 below, except Lemma 1.7 4 and Lemma 1.8, we assume only that X is a smooth rational surface and G a non-trivial finite group acting on it.
Ž
. G LEMMA 1.7. Suppose that rank Pic X m Q s 1. Then we ha¨e: 
Suppose further that G s . Then X is either a finite set, or a p union of a smooth irreducible cur¨e R and finitely many points.
Proof. Clearly, both the pull-back H on X of an ample divisor on Y Ž . G and yK are generators of the rank one Q-module Pic X m Q. Noting X Ž . that the Kodaira dimension yϱ s X -2, yK is a positive multiple X Ž . w x of H and 1 follows Man2 .
Ž . The first part of 2 is true because Pic Y is a rank one lattice and yK Y Ž Ž .. is ample see 3 . Let C be any G-stable Cartier divisor. Then C s Ž .Ž . mrn yK for some coprime positive integers. Intersecting this with a X Ž .
Ž . y1 -curve E on X, one obtains n C. E s m and n ¬ m, whence n s 1 Ž . and 2 is proved.
Ž . . positive number , a contradiction.
. tion formula similar to the one in Lemma 1.2 and the fact that the divisor yK is ample, we see that yK is Q-ample.
X Y w x w x < < Ž By the main theorem of Am or Alex , dim P G 1 and a general . member P is smooth irreducible. Since P is Cartier and Y has at worst Ž . rational singularities for the second equality and by the Riemann᎐Roch Ž .
Ž w x . theorem for the third one has cf. Art, Theorem 2.3
where P X is the proper transform on Z of P and D an effective divisor y1 Ž . 
Since yK is ample Lemma 1.7 , r ) b p y 1 rp G p y 1 rp. This and X the fact that r s mrp with an integer m would imply that m G p and r G 1. This contradiction proves the lemma. w
x The following two results are essentially proved in Fuj, Chap. 1, Sect. 5 . For the convenience of the reader we give a kind of new proof here. Proof. In view of Lemma 1.7, we only need to show that Y is Gorenstein and P ; yK . By the assumption Ž . Zr p -covering map : X ª Y is branched along the vertex and a Ž . Ž . smooth hyperplane B ; H in notation of Remark 1.5 . One has r Y s Ž . Ž . p q 2 rp Remark 1.5 . In 2.1b, one must have p G 3 and X is a union of three points w x w x w x p s 1, 0, 0 , p s 0, 1, 0 , p s 0, 0, 1 . These p dominate singular points . 
5C y 4C s C so that yK is nef and big with K s 1 because on X such that X 6 is a finite set and Y s Xr has exactly 3 singulari-6 1 1 1 Ž . Ž . Ž . Ž . ties of type 1, 1 , 1, 2 , 1, 5 types A , A , A in other notation as after suitable relabelling. Denote by g the translation automorphism given by the section P . One 1 6 3 2 ² : Ž . sees that X , with s g , consists of 6 points: g resp. g ; g fixes 6 Ž
. the node p resp. the two nodes p , p ; the three nodes p , p , p of the acts faithfully on P 2 with coordinates X, Y, Z, so that X G is a finite set. Take G w generators g , g of G. By the assumption on X , one has g s diag 1, 1 2 1 2 x , after a change of coordinates. Now the commutativity of g , g in 3 3 1 2 Ž . Ž . PGL C implies that g s a with a a a s 1 and a s 0 for other 2 2 i j 13 21 32 i j entries. One sees easily that each order 3 subgroup of G fixes exactly 3
x w x w x4 points, and X s 12. For instance, X s 1, 0, 0 , 0, 1, 0 , 0, 0, 1 and g 2 Äw i
2 i
x 4 X s 1, a , ra ¬ 0 F i F 2 . 21 : sees that X , with G s g , g ( = , consists of 12 points : g A , A , A , A the images of p , p , p , p , p , . . . , p , p , one pair X, G with X s P = P and the group G acting faithfully on X such that X G is a finite set and Y s XrG has exactly 4 singularities of type 1, 1 , 1, 1 , 1, 3 , 1, 3 as all of its singularities. . X time being with P the exceptional curve. Then Z is again an almost del 2 2
Pezzo surface with K 2 s 1. As in Lemma 2.14, let Z ª Z be the 
Ž .
3 This is shown in Example 2.11. Ž . and s s 3 then p G 5 because r -1 see Example 2.1 . Write r s mrp with an integer 1 F m F p y 1.
CASE: THE INVARIANT SUBLATTICE IS
Ž .Ž We shall frequently apply Lemma 1.6 to the extent that 9 y p y 1 3 .
2 Ž . y s s K , which is between 1 and 9 because X is del Pezzo Lemma 1.7 . X Ž . Ž . Ž . 2 Ž Since 2 g P y 2 s P. P q K s p y m P rp is an integer Lemma Y . 2 2 Ž U . 2 2 2 2 2 1.7 , p ¬ P . One has also K s K s pK s m P rp G m .
X Y Y
If m G 3, then K 2 s 9, r s 3rp, P 2 s p, and s s 3; so the proposition X 2 2 Ž . Ž . is true. If m s 2 and P rp G 2, then K s 8, r s 2rp and p, s s 2, 2 , X which leads to that r s 1, a contradiction. If m s 2 and P 2 s p, then 2 Ž .Ž . K s 4, which leads to 4 s 9 y p y 1 3 y s , a contradiction.
X
We now assume that r s 1rp. If s s 3, then K 2 s 9, P 2 s 9 p; so the X proposition is true. 2 
Ž
. Suppose that s s 1. Then K s 9 y 2 p y 1 , whence p s 2, 3, 5. In X the notation of Lemma 1.6, one has k s s s 1 for some 1 F u F p y 1 u Ž Ž .. Ž .Ž u . and 1 s k 1r p y 1 Ý 1r 1 y 1 y , where runs over the set of u all primitive pth root of 1. This is impossible by the calculation of the right hand side in Lemma 1.6.
Suppose that s s 2. Then K 2 s 10 y p and p s 2, 3, 5, 7. Since Ž and K s P rp s K rp. By Lemma 1.6, one has also K s 9 y p y 
. Proof. By Lemma 1.10 a general member P is a smooth rational curve away from the singular locus of Y. Let P X s f U P and m s P 2 . Applying the cohomology exact sequence arising from the exact sequence, 
THE PROOFS OF THEOREMS AND COROLLARIES
Ž
. Let X, G be a pair with X a smooth projective rational surface and G w x a finite group acting effectively on X. We follow the approach in BB w x using the Mori theory. The cone theory Mor, Theorems 1.5 and 2.1 implies the decomposition of the closed cone of effective cycles with coefficients in R and modulo numerical equivalence,
where E E is a countable set of smooth rational curves C satisfying C 2 s w x y1, 0, 1. Passing to the G-invariant part, we get Mor, Proposition 2.6
For a curve C on X, denote by G the maximum subgroup of G c < < Ä 4 Ž stabilizing C and let k be the index G : G and g G ¬ 1 F i F k with c c i c c . g s id the k cosets. For the lemma below, we are essentially proceeding 
Ž .
Then there is a G-stable cone fibration : X ª P 1 with a smooth rational cur¨e as its general fibre, such that e¨ery singular fibre is a linear chain of two Ž . < < y1 -cur¨es. If is not smooth, i.e., X is not a Hirzebruch surface, then G is e¨en.
Proof. Since X is rational, K has negative intersection with a curve E X and hence with the G-stable effective 1-cycle Ý gE. So the cone
has an extremal ray R L where L s Ý gC with a smooth Mor, Lemma Ž .x Ž . G 2.5 and L could not be extremal; here we use the fact that rank Pic X G 2. Since L 2 F 0, we have C 2 F 0; and if C 2 s 0 then L is a disjoint red union of k smooth rational curves of self intersection 0 and [ ⌽ is a <C < G-stable P 1 -fibration.
2
Ž .
Consider the case C F y1. Then C is a y1 -curve for C. K -0. If X k s 1, then C is G-stable, a contradiction to the minimality of the pair.
y1 -curves which contradicts the minimality of the pair. So we may Ž . y1 arrange C. g C s 1 and C. g C s 0 i G 3 . Since g C.C s 1, one has 2 i 2 g y1 C s g C and g 2 g G because C meets only one component g C
. If k G 3, we see that g C q g C is a linear chain of two intersecting 3 2 Ž . y1 -curves disjoint from C q g C. We can easily arrange L as a 2 r e d Ž . Ž . Ž disjoint unions of pairs of intersecting y1 -curves g C q g C 1 F i F i 2 . kr2 so that an arbitrary element of G either stabilizes each of two Ž components in C q g C, switches them, or maps them to some g C q To finish the proof, we still need to determine the singular fibres of the Ž . G-stable conic fibration . Take any y1 -curve E in a fibre of and set L s Ý gE. Then L 2 F 0 because L is supported by fibres and hence g g G w x negative semi-definite Re2, A.7 . Now the same argument above will imply the lemma. 1 1 1 1 Ž . Ž . We prove Theorem 4. Part I follows from Lemma 4.1. Next we do II Ž . G and so assume Pic X has rank 1. Then by Lemma 1.7, X is del Pezzo w x and Y is singular del Pezzo. Now the main theorem in GZ1, 2 shows that Ž 0 . Ž w x w x Y is finite see FKL for a differential geometric proof and also MS 1 . for a new proof . Since the rational surface X with a few points removed, Ž 0 . is still simply connected, it is clear that Y s G and : X ª Y is the 1 completion of the universal covering map of Y 0 provided that X G is a Ž . Ž . Ž. finite set Lemma 4.4 . Theorem 4 II 2 follows from the first half of the arguments in Proposition 3.3.
Ž .Ž .
Ž .
G
We now prove Theorem 4 II 1 . So assume r Y s 1 and X is finite. Then Y is a Gorenstein log del Pezzo surface of Picard number 1 so that Ž 0 . G s Y and : X ª Y is the completion of the universal covering 1 0 Ž . w map of Y see Lemma 4.4 . Such Y is classified in Fur, Theorem 2; MZ1,
x w x w Lemma 6 ; see also BBD, p. 593; Ura . Since our X is smooth, by MZ1,
x Ž . Table 1 , p. 71 , X, G fits one of the rows in Table II , but the column on G ² : X ; G s g , . . . is still to be verified. For rows 2, 3, 4, 6, this is done in 1 the examples in Section 2 since we have the uniqueness by Lemmas Ž . 2.13᎐2.15. For rows 1 and 5, the generator s of G can be easily diagonal-Ž . ized as in Table II Ž . 
Ž .
Step 1. We know that only p s 2, 3, 5, 7 can divide ࠻W E . n Ž .
Step 2. p s 7 can divide only ࠻W E , ࠻W E . The conjugacy class 7 8 Ž . Ž . of g in W E is coming from the subgroup W E since there is only one 8 7 each for n s 7 and n s 8. So n s 7 and K 2 s 2 by the minimality of the X Ž . Ž pair. The number of unordered sets of 7 disjoint y1 -curves an Aronhold . Ž. Ž set on a degree 2 del Pezzo surface X is equal to ࠻Sp 6, F r7! see, for 2 w
x . example, DO, p. 167 . Since the number 36 = 8 is congruent to 1 mod 7, there is a g-invariant Aronhold set, a contradiction to the minimality of the pair.
Ž Ž .
Step 3. Assume p s 5. It is a new conjugacy class for n s 4 W E 4 . Ž s S and for n s 8 for n F 7 there is only one conjugacy class, so it is 5 . always old . If n s 4, then X is a del Pezzo surface of degree 5. Hence Ž . Ž . X, fits the last row of Table I Lemma 2.13 . 5 2 Ž .
Step 4. Assume p s 5 and n s 8. Then K s 1. The formulae in 6 X Ž . Ž . Ž . above imply m; k , . . . , k s 1; 0, 0, 0, 1 . So X, fits the rows 5 and 6 1 4 5
of Table I .
Step 5. Assume p s 3. There is a new conjugacy class of order 3 for every n s 3, 6, 8. If n s 6, there is only one new conjugacy class of order w x 3; it is c in Man2, Table 1 , p. 176 . In Carter's classification it corre-11 Ž sponds to the graph 3 A ; E . Its trace on E is equal to y3 see also 2 6 6 . Ž . Ž . Ž . Ž . Lemma 1.6 . Now the formulae in 6 imply m; k , k s 1; 0, 0 , 0; 0, 0 . 1 2 3 Ž . The second case says that X s л, which is impossible Lemma 1.2 ; the first case is the row 3 of Table I. Finally, consider the case n s 8. There are 2 new conjugacy classes of Ž . Ž order 3. In Carter's notation they are 4 A and E a they should 2 8 8 . Ž . Ž . generate the same group . As above the formulae in 6 imply m; k , k 1 2 Ž . s 2; 1, 0 . This is the row 4 of Table I. 
